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Mathematical Reasoning

1.1 Statements

A statement is a declarative sentence which is either true(T) or false(F).

|— Definition 1.1: Statement

Statements are denoted by P, @, R, etc.

Example 1
P:3+1=4is true.
Q: 3+ 1=5is false.

R: "There are 30 people in this room" is false.

= Definition 1.2: Open Sentence

An open sentence is a declarative sentence containing one or more variables
which becomes a statement by specifying values of variables.

Open sentences are denoted by P(X), P(X,Y), and P(Xy,---,X,).

Example 2
IFPX): X+1=2for X €R, then P(1)is T, and P(X) is Fif X # 1.

"For all X € R" is called the universal quantifier, and "There exists X € R" is
called the existential quantifier.

Example 3
Let n € Z and P(n) : n? is even. Then for all integers n, P(n) is T.

Proof. Suppose n is even. Then n = 2k for some k € Z. So
n? = (2k)? = 2(2k?) = 2k’

where &’ = 2k% € Z. Hence n? is even. O

Example 4

Let n € Z, and P(n) : n = 3k for some k € Z. Then P: There exists an even
integer n such that P(n) is T.
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Example 5
Let P(X,Y) be an open sentence, and let

P : YV, Jy such that P(z,y)
Q : Jy such that Vz, P(x,y)

Here, P and @ may not be the same statements. For example, Let X and
Y €Rand P(X,Y):y? =x. Then

P :Vz e R, 3y € R such that y° =z

Q : 3y € R such that Vo € R, 3 = z.

Here, P and @ are different statements since P is T and @ is F.

Therefore, applying quantifiers in a different order may make different statements.

= Definition 1.3: Negation

If P is a statement, then the negation of P, =P, and read "not P", is the
statement " P is false".

Example 6
IfP:3+1=4,then -P:3+1#4.

The negation of an open sentence is defined similarly.

Example 7
Let X e R. If P(X) : X <5, then -P(X): X >5.

The below are rules for negating quantifiers.
1. If P:VX, P(X), then =P : 3X such that - P(z).
2. If P:3X such that P(X), =P : VX, -P(X).

Example 8

Let P: Every polynomial is continuous everywhere. With R[z] the set of
polynomials with real coefficients,

P Vp(z) € Rz], Q(p)
where Q(p) : p(z) is continuous on R. We have
=P : 3p(x) € R[z] such that =Q(p),

so = P: There exists a polynomial p(z) and a point zp € R such that p(x) is
discontinuous at xg.
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Example 9
Let S : Va, Jy such that P(z,y). Then

=S : 3z such that —(3y such that P(z,y))

-8 : Jx such that Vy, - P(x,y).

Example 10 (Archimedean Principle)
If P:Vz €R, dn € Z such that n > x.

Then =P : dx € R such that Vn € Z, n < z.
Here, P is T and —P is false.

1.2 Compound Statements

— Definition 1.4: Conjunction and Disjunction
Let P and @) be statements.

e The conjunction of P and @, written P A @ and read "P and Q" is
the statement ’both P and @ are true’.

e The disjunction of P and @, written PV @ and read "P or Q" is the
statement 'P is true or @ is true’.

Remark.

P A @ can fail in three ways:
e PisTand Qis F
e PifFand Qis T
e PisFand Qis F

PV Q can fail in one way: Pis F and @ is F.

Example 11
Let z € R, an S(z) : |2| < 3. If we let P(z) : 2 > —3 and Q(z) : < 3, then

S(z) & P(x) AQ(x).

So P(1) AQ(1) is T, and P(4) A Q(4) is F.
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Example 12
Let z € R, an S(z) : x| > 3. If we let P(z) : < =3 and Q(z) : © > 3, then

S(z) & P(x) VvV Q(x).
So P(1)vQ(1)is F, and P(4) VQ(4) is T.

Note

Expressions like P, Q, PAQ, PV Q, =P, =Q where P and @ are variables,
representing unknown statements are called statement forms.

Here is the truth tables for P A Q and PV Q.

P Q PAQ [ PVQ
T T T T
T F F T
F T F T
F F F T

The negation of a conjunction and a disjunction will be done with the truth table.

Claim. =(PAQ) < —~PV Q.

= Definition 1.5: Equivalent Statements and Equivalent Statement Forms

Two statements are equivalent if they are both true or both false. Statement
forms are equivalent if the substitutions of statements in the forms always

yields equivalent statements.

We have the following equivalences:
e ~(Vz, P(z)) < 3z such that —=P(z)
e —(3z such that P(z)) < Vz, =P(z)

e ~(Vz, P(z)VQ(z)) < Jz such that =(P(z)VQ(z)) < Jz such that =P(z)A
—Q(x)

o ~(Vz, P(z)AQ(z)) < Jz such that —=(P(2)AQ(z)) < Jx such that =P(z)V
—Q(x)

e —(3z such that P(z) vV Q(z)) < Vz, ~(P(z) V Q(z)) < Vz, ~P(z) A =Q(z)

e —(3z such that P(z) A Q(z)) & Vz, =(P(z) A Q(z)) & Va, =P(z) V ~Q(x)
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Example 13
Let P(x) and Q(x) be open sentences. Define

S :Vz, P(z)V Q(x)
T :Vx, P(z) VvV, Q(z).

Then S is not necessarily equivalent to T'. As a counterexample, let P(x) : x >
2 and Q(x) : x < 5. Then, we have

S:Forallx eR,z>20rz <5

T:Forallz e R,z >2orforall z e R, x <5.

Here, Sis T and T'is F, and S & T.

Example 14
On the other hand, consider

S : Jx such that P(x) V Q(x)
Y : 3z such that P(z) V 3z such that Q(x).

| Claim. S < T.

Proof. We will show if S is true then T is true, and if T is true then S is true.

Suppose S is true. Then there is some z = a such that P(a) or Q(a). If P(a),
then there is « such that P(z). If Q(a), then there is z such that Q(z). Hence
there is = such that P(x), or there is z such that Q(z). So T is true.

By similar argument, if T" is true, then S is true. Therefore, S < T.

Now, let S false. If T is true, then S should be true, which is a contradiction.
So if S is false, then T is false. Similarly, if T is false, then S is false. This
completes the proof. O

1.3 Implications

Definition 1.6: Implication

Let P and @ be statements. The implication P = @, read "P implies Q"
is the statement "If P is true, then @ is true."
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p Q P=Q
T T T
T F F
F T T
F F T

Remark.

If P is a false statement, then P = @ is always true.

Let P(x) and Q(x) be open sentences, and let
S :Vz, P(z) = Q(z).

Assume that P(a) is true for £ = a. To show that S is true, we should show Q(a)
is true (or P(a) is false).

Example 15
Let n € Z, and

P(n):nis odd
Q(n) : n? is odd.
Now let S :Vn € Z, P(n) = Q(n).

I Claim. S is true.

Proof. Suppose n is odd. Then n = 2k 4+ 1 for some k € Z. Hence
n? = (2k +1)* = 2(2k* +2k) +1 =2k +1

for some k' € Z. Therefore, n? is odd. O

Example 16
Let n, m € Z, and

P(n,m) :n and m is odd
Q(n,m) : n+ m is even.
Prove S :Vn, m € Z, P(n,m) = Q(n, m) is true.

Proof. Let n and m be odd. Then n = 2k + 1 and m = 2k’ + 1 for some k,
k' € Z. Hence

n+m=2k+2k'+2=2k+k +1)=2I
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I where l =k + k' +1€Z. Son+ m is even. O

How do we negate implications? Let S : Vo, P(z) = Q(x). Then
=S : 3z such that —(P(z) = Q()).
Claim. Suppose P and @Q are statements. Then

-(P= Q)< PA-Q.

P Q =@ P=qQ ﬁ(PiQ) PA-Q

T T F T F F
Proof. | T F T F T T

F T F T F F

F F T T F F

Therefore =S : 3z such that P(x) A ~Q(x).

= Definition 1.7: Counterexample

Any x such that =S is true is called a counterexample to S.

Example 17
Let n, m € Z, and

P(n,m) : n and m are perfect squares
Q(n,m) : n+ m is a perfect square.

Let S : Vn, m € Z, P(n,m) = Q(n,m). Then =S : 3n, m € Z such that
P(n,m) A=Q(n,m).

I Claim. S is false.

Proof. We will find a counterexample. We need n, m € Z such that n and m
are perfect squares and n + m is not a perfect square. If n = 4 and m = 9,
since 4 + 9 = 13 is not a perfect square, this is a counterexample. Therefore,
S is false. O
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— Definition 1.8: Necessary and Sufficient Conditions

If P = Q@ is true, then P is called a sufficient condition: for Q) to be true,
it is sufficient that P be true. Here, (Q is called a necessary condition: @
must be true for P to be true.

Claim. P=Q < -Q = —P.

Proof. We use the truth table.

P Q -P -Q P=Q -Q = -P
T T F F T T
T F F T F F
F T T F T T
F F T T T T
O
Example 18
Let z € R, and
P:x>5
Q:x>0.

P = @ is true since if P is true, then z > 5 > 0, so @ is true. Hence z > 5
is sufficient for > 0 (but not necessary). On the other hand, @ is necessary
since for z > 5, we must have x > 0.

1.4 Contrapositive and Converse
We showed that P = Q < —-Q = —P.

= Definition 1.9: Contrapositive

Let P and @ be statements. The statement

-Q = P

is called the contrapositive of P = Q.

Example 19
Let z € R, and

P:x+1>5

Q:x>4
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Then P = . We have
Qx4
-P:x+4+1<5,
so =) = —P. Note that both P = @ and —~Q = —P are true.
Example 20
Let n € Z. If
P :n?is even

Q@ : n is even,

Prove that P = Q.

Solution We prove the contrapositive ~Q = =P, i.e. if n is odd then n? is odd.
This is true by example 15. Therefore, P = Q.

= Definition 1.10: Converse

Let P and @ be statements. Then the statement () = P is the converse of
the statement P = Q.

Remark.

P = @ and @Q = P are not equivalent.

P Q P=Q |Q=rP
T T T T
T F F T
F T T F
F F T T

Example 21
Let m, n € Z, and

P :m and n are odd

Q :m+nis even.

Then P = @ is true, but Q = P is false.

10
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= Definition 1.11: Biconditional

The statement P < @, read "P if and only if Q", is the statement (P =
Q) A (Q = P). The symbol < is called the biconditional.

Remark.
(P& Q)< (-P < -Q).

One kind of proof methods is the proof by contradiction. To prove P = Q. As-
sume that P and —@Q. If we get =P, then both P and =P gets true, which is a
contradiction. Therefore, we get P = Q.

Claim. (P = Q)< (PA-Q = —P).

—P —Q PA-Q | P=Q |PA-Q=-P

SRS 1Y
HAHMHARQO

HH==M4
=T H
eSS B |
HHB=H3
HHB=H3

= Theorem 1.1

Let S be a statement, and let C' be a false statement. Then, S < (=S = C)

Proof. We use the truth table.

S -5 C -S=C
T F F T
F T F F

Example 22

Prove S: There are no integers x and y such that z? = 4y + 2.

Proof. We use proof by contradiction. Assume —S. Then there exist integers x
and y such that 22 = 4y +2. Then 22 = 2(2y + 1), which is even. Since 22 is even,
then x is even by example 20. Write z = 2k for some k € Z. Then

2? =4y +2
4k% = 4y + 2
4k* — 4y =2
1
k> —y=—
y=3

11
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which is a contradiction because LHS is an integer but RHS is not. Thus S is
O

true.

Here, C is "there exists a and § € R with o = 8, such that o € Z and « ¢ Z.

12
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Sets

2.1 Sets and Subsets

Definition 2.1: Sets and Elements
|_A set A is a collection of objects. The objects a € A are called elements

Some examples are R: the real numbers, and Q: the rational numbers.

Let S be a set and P(x) be an open sentence with variable z € S. Define A =
{z € S |9(x)}. Then A is called the truth set of P(x). Let

A=4Z ={4m | m € Z}.
If P(n) : n = 4m for some m € Z, then A can be also expressed as

A={neZ|Pn)}.

= Definition 2.2: Subset

Let A and B be sets. Then A is a subset of B, written A C B, ifa € A =
a € B. If AC B but A # B, then A is a proper subset of B.

Remark.

Here A= Bmeans A C Band BC A. If AC B and A # B, then 3b € B
such that b ¢ A. In this case we’ll often write A C B.

Example 1
Zt CZCQCR.

Example 2

If P(z) is an open sentence with x € S, then

A={zeS|Plx)}cCSs.

Example 3
Let N and M be positive integers with N | M. Prove MZ C NZ.

Proof. Let n € MZ. Then n = Mk for some k € Z. Since N | M, then
M =N for some [ € Z. Hence

n= Mk = (IN)k = (k)N € NZ.

13
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I So MZ C NZ.

Lemma
rIfACBandBCCthenACC.

Proof. Let a € A. Since A C B then a € B. Now, since B C C, a € C. So

AcC.
Recall that A = B if and only if A C BA B C A. We have

—(A C B) & Ja € A such that a ¢ B.
Here, a € Abut a ¢ B, so A ¢ B. Similarly, B ¢ A.

Example 4
Let a, b€ R and a < b. Let

From calculus, A C B. However B ¢ A.

_ a+bdb
1 =%

. Then f is discontinuous at zy =
0 ooy

Define f(x) = {

b
but/ f(z) dr=0. So f € Bbut f ¢ A.

O

A={f:[a,b] > R | f is continuous}B = {f : [a,b] = R | f is integrable}

€ la, b,

= Definition 2.3: Complement
Let A and B be sets. The complement of A in B is the set

B-—A={beB|b¢ A}

— Definition 2.4: Complement of a set

If U is a universal set, we write U — A = A, called the complement of A.

Example 5
Let U=7Z. If A=7%, then A= {0,-1,-2,-3,---}.

— Definition 2.5: Empty Set

A set with no elements is called the empty set, denoted ().

fU=Rand A={ze€R |22 <0}, then A=0and A={ze€R|22>0}=U.

14
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Theorem 2.1
[1&LBCUM&ACBJMHBCA

Proof. Let xt € B =U — B. Sox € U and ¢ B. We want to show that
r€A=U—-Asx¢ A Suppose z € A. Since A C B, x € B, which contradicts
r€B. Soz ¢ A O

2.2 Combining Sets

= Definition 2.6: Union and Intersection

Let A and B be sets. The union of A and B is
AUB={xz|z€ AVz e B}.

The intersection of A and B is

ANB={z|ze€ ANz € B}.

= Definition 2.7: Disjoint Sets

Two sets A and B are disjoint if AN B = (). Generally, if Ay, As, ..., A,
are sets, then these sets are pairwise disjoint if A; N A; = () for all ¢ and
je{1,2,--- ,n} with i # j.

We have the following properties:
1. AUB=BUA
2. AnB=BnNA
(AUB)UC =AU (BUCQC)

- W

(ANB)NC=AN(BNCQC)
ACAUB

A

ANBCA
hcA
Aupd=A
AND=0.

© » 3

We prove ) C A.

15
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Proof. Tt is sufficient to show that Vz, z € ) = z € A. Fix x € U. Define
P(z):z € 0 and Q(x) : © € A. Then it is sufficient to show that P(z) = Q(z).
Since () is empty, = & 0, so P(z) is false. Therefore, P(z) = Q(z) is true. O

Next, we prove AU = A.

Proof. Since A C Aand ) C A, AUD C A. By (5), A C AUD. Therefore,
AUl = A O

We now prove ANQP =

0.
Proof. Suppose AN @ # (. Then there exists x € AN Q. But then x € 0, a
contradiction. So AN = 0. O

= Theorem 2.2
1. A-B=ANB

2. AcB& AUB=B.

Proof. (1) Recall that A— B={x€ A|x ¢ B}. Also, ANB={x€ A|x ¢ B}.
Therefore, A— B = AN B.

(2) Exercise. O

— Theorem 2.3
Let A, B, C be sets.

1. An(BUC)=(ANnB)U(ANC)

2. AU(BNC)=(AUuB)N(AUCQC).

Proof. Exercise. O

— Theorem 2.4: De Morgan’'s Law
Let A, B € U. Then

I
b
o]

1. AUB

.UU |

N
2. ANB=AU

Proof. For some x € U, let P: x € Aand Q : x € B. Then =P : z € A,
-Q:x € B. So

(1) is true if and only if =(PV Q) & —-P A Q)
(2) is true if and only if (P A Q) & -PV —Q,

which is obviously true. O

16
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= Definition 2.8: Cartesian Product

Let A and B be sets. The cartesian product of A and B is
Ax B={(a,b) |ac A, be B}.

Elements of A x B are called ordered pairs.

Example 6

If A= B =R, then A x B =R x R or R? which also is {(c,y) | =,y € R}.
Similarly, if A= B = Z, then Z? = {(m,n) | m,n € Z.

Example 7
If A={1,2,3} and B = {1,2,3}, then
Ax B=1{(1,1),(1,2),(1,3),(2,1),(2,2),(2,3),(3,1),(3,2),(3,3) }.

Note that (1,2) # (2,1). Order matters!

Note that in general, A x B # B x A. In {1,2} x {3,4}, (1,3) € A x B but
(3,1) ¢ A x B.

If A and B are finite, then |A x B| = |A| - |B|. Here, |X| is the number of the
elements in X, called the cardinality of X.

2.3 Collections of Sets

Definition 2.9: Power Set

Let A be a set. The power set of A is

P(A) = {X | X € A}.

Note that P(A) # B since ) € Aand A C A. Also, if A is finite, then |P(A)| = 2!41.

= Definition 2.10: Collection of Sets
Let A1, Ao, ..., A, be subsets of U. The set

C={A1,A,,..., A}
of sets is called the collection of sets. We also use the notation
C= {Ai}iel

where I = {1,2,...,n}.

17
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The union of sets in C is

UAi:{xEU\xEAiforsomeiEI}
iel

and the intersection of sets in C is

ﬂAi:{x€U|x€Aiforalli€I}
iel

™ Definition 2.11: Disjoint Union

If AN B = () then the union of A and B is disjoint and written A U B.

Example 8
Let U = Z™. Define the collecion Cx by

Cn ={Aitier,
where A; = {i,7+ 1} for some i € Iy = {1,2,...,N}. Then

€= {{L.2}}
Co = {{1,2},{2,3}}

A N=1
We have () Ai={ A N4y ={2} N=2.
ieln Q] NZ3

Prove that U A; = In41 and ﬂ A; =0 for N > 3.
i€ln i€ln

Solution We first prove U A =Int.

i€lN

(C) Let z € U A;. Then x € Ay, for some k € Iy. Since Ay = {k,k + 1}, then
i€lN
r=korx=k+1. Sincel <k<N,ifx=kthenl<z<N,andifx=k+1

then 2 <z < N + 1. In either case, x € In41.
(D) Let ¢ € Inyy1 = In U{N+!}. Clearly, v € A, = {z,z + 1}. If x € Iy then
ze |J A Ifre{N+1}thenz=N+1landsoxze Ay ={N,N+1}.

i€ln

We now prove ﬂ A; =0 for N > 3. Let N > 3. Suppose = € U A;. Then
i€ln i€ln

18
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reA;foralli=1,2,..., N. Since N > 3 then in particulat,
$€A1ﬂA2ﬁA3:®,

a contradiction. Therefore ﬂ A, = 0.
i€ln

Remark.

The index sets I can be infinite sets.

Example 9
oo
Let I = Z* and A; = (—i,i) C R. Prove that | JA; = [ J(~i,i) = R and
el =1

UAl-:Al.

el

Solution We first prove ﬂ A; =R.
iel

(C) Let z € U(—z,z) Then = € (—k, k) for some k € Z*. Since (—k, k) C R,
i=1

z e R.
(D) Let € R. Show 3i € Z* such that x € (—i,4), or equivalently, —i < x < i,
or |x| < 4. This is true by the Archimedean principle.

We now prove U A; = Ay
iel

(C) Let x € ﬂ(—z,z) Then z € (—i,4) for all i € Z*. Hence x € (—1,1).
i=1
(D) Let x € (—1,1). Since —1 < x < 1 then —i < z < for all ¢ > 1.

Remark.

Here we have Ay C Ay C--- C ANy C ---.

= Definition 2.12: Increasing/Decreasing Chain of Sets

Suppose C = {A;}icr is a collection of sets. If A; C A; for all ¢ < j, then
C is an increasing chain of sets. If A; C A; for all ¢ < j, then C is a
decreasing chain of sets.

If S is a collection of sets, we write U A for the union and ﬂ A for the inter-

Aes Aes
section.

19



Foundations of Mathematics Joshua Im (August 20, 2024 - December 2, 2024)

= Definition 2.13: Partition

Let A be a set. A partition of A is a subset P of P(A) such that
e If X € Pthen X £ 0

e Uxep X =4
e If X, Y € Pwith X#Y then XNY = 0.

That is, the sets X € P are pairwise disjoint

Example 10

Let A= {1,2}. Then P = {{1},{2}} is one of the partitions. More generally,
let A={a|ac A}. Let P = {{a} | a € A} is a partition.

— Lemma
Let Ay, Ay, ..., A, be finite, pairwise disjoint sets. Then

U =i|Az-|.

7=

n
A
1

= Theorem 2.5
Let A and B be finite sets. Then

|AUB| =|A|+|B| - |ANB].

Proof. By the Venn diagram, notice that A — (AN B), AN DB, and B— (AN B)
form a partition for AU B. That is,

AUB=(A-(ANB))U(ANB)U(B—(ANB)).
By the lemma above,
|[AUB|=|A—-—(ANB)|+|ANB|+|B—- (AN B)|
=|A—(ANnB)|+|ANB|+|B—(ANB)|+|ANB|—|AN B
=|Al+|B| - [AN B

since A= (A—(ANB))U(ANB)and B= (A— (ANB))U(ANB). O
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Theorem 2.6: Pigeonhole Principle

N

Let Ay, As, ..., Ay be finite, pairwise disjoint sets. Let A = U A If
i=1

|A| > Nr for some r € Z*, then |A;| > 7+ 1 for some i € I.

N

Proof. By the lemma, |A| = Z |A;|. We prove by contradiction. Assume |4;| < r
i=1

for all ¢ € Iy. Then

N N
Nr<|A|=) |4 <> r=Nr
1 i=1

1=

Since this is a contradiction, |A;| > r + 1 for some ¢ € I. O
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Functions

3.1 Definition and Basic Properties

From now on, assume all sets to be nonempty.

Definition 3.1: Function

Let A and B be sets. A function f: A — B is a rile which assigns to each
a € A, a unique b € B.

Here, A is called the domain of f, and B is called the codomain of f. We write
fla) =bfor a € A, if b is assigned to a.

= Definition 3.2: Identity Function

Let A be a set. The identity function is

1A A— A
by ia(a) = a for all a € A.
Example 1
If a, b € R, then f: R — R defined by f(x) = ax + b, x € R is called a linear
function.

— Definition 3.3: Image

Let f: A — B be a function. The image of f is
Im(f) = f(A) ={f(a) | a € A}.
More generally, if X C A, then the image of X is

f(X)={f(z) |zre X} ={be B| b= f(x) for some x € X}.

= Definition 3.4: Equal Functions

Two functions are equal if they have the same domain and codomain and
f(a) = g(a) for all a in the domain.

Example 2
Let f: R — R defined by f(z) = 22 for € R. Find Im(f).
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Solution We claim that Im(f) = R>¢.

(C) Let y € Im(f). Then y = 22 for some z € R. But 2% > 0, so y > 0. Hence
AS RZO'

(D) Let y € R>g. Let & = /y. Then 2? = (\/y)* = y. Hence y € Im(f).
Therefore, Im(f) = Rxo.
Example 3
Let f : R — R defined by f(z) = ax 4+ b where a # 0 and b are constants. Find
Im(f).
Solution We claim that Im(f) = R.
(C) This is immediate since the image is always a subset of the codomain.

(D) Let y € R. Then y € Im(f) since z = (y — b)/a satisfies ax + b = y.

= Theorem 3.1: Intermediate Value Theorem

Let f: R — R. Assume f is continuous on [a,b] with a < b. If f(a) <y <
f(b) then there is = € [a, b] such that f(z) =y.

Example 4
Let f: R — R defined by f(z) = 2 + 4z + 1. Prove that f(R) = R.

Solution We only need to show that R C (R).

Let y € R. We need z € R such that y = 23 +4x+1. Note that f(z) = 2® +4x+1
is continuous on R. Note that

lim f(z) = +o0

Tr—r 00

lim f(z) = —o0,

r—r—00

so given y € R, there is M > 0 such that if x > M then f(x) > y. Similarly, there
is N < 0 such that if # < N then f(z) = y. Hence there exist a < b as required.

Lemma
|_Let f:A—=B. If X, Y C Awith X CY, then f(X) C f(Y).

Proof. Let a € f(X). Then a = f(x) for some x € X. But X C Y, soz €Y.
Hence a = f(z) € f(Y). O

Note that this generalizes the fiber of a function over a point. Namely, if b € B,
the fiber of f over b is

FHBY) ={a€ A f(a) =1b}.

23



Foundations of Mathematics Joshua Im (August 20, 2024 - December 2, 2024)

— Definition 3.5: Inverse Image

Let f: A— B and W C B. The inverse image of W with respect to f is

the set
f7W)={ac A| f(a) e W}

Example 5
Let A=1{0,1,2,3,4,5} and B = {7,9,11,12,13}. Define f : A — B by

0—11
1—-9
f:2—>7
3—9
4—11

5—9

Let Wy = {7,9}, Wy = {11,12}, and W5 = {11,13}. Then
i) =1{1,2,3,5}
FHWa) = {0,4}
1 (Ws) = 0.

— Lemma

Let f: A— B. If A is finite, then |f(A)| < |A].

Proof. Suppose |A| = N. Write A+ {a1,aq9,...,anx}. Then f(A) = {f(a1), f(a2),
.., f(an)}. Since f is a function, then |f(A4)] < N = |A|. Since a; can’t be
assigned to more than one value. O

3.2 Surjective and Injective Functions

Definition 3.6: Surjective
|_Let f: A — B be a function. Then f is surjective or onto if f(A) = B.
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Example 6
ia: A — Ais onto, namely iz (A4) = A.

Example 7
Let

m:AxB— Am((a,b)) =a
my: Ax B — B mi((a,b)) =b.

Then 7 and w5 are onto. These are called coordinate projections. This is
because

m (A x B) ={mi((a,b)) | (a,b) € A x B}
={a| (a,b) € A x B}
={a]ae€ A}

— A,

and similarly for 7.

Example 8
Let f : Z — Z defined by

n+2 nek
n) =
U {2n+1 neO

with F the even integers and O the odd integers. Show that f is not onto.

Solution We need to show that f(Z) # Z.
I Claim. 5 ¢ f(Z).

Suppose 5 € f(Z). Then 5 = f(n) for some n € Z. If n € Ethenn+2 =15
givesn =3, but 3¢ E. If n € O then 2n + 1 gives n = 2, but 2 ¢ O. Therefore

5¢ f(Z).

= Definition 3.7: Injective

Let f : A — B be a function. Then f is injective or one-to-one if whenever
a1, ay € A with a1 # ag, then f(a1) # f(az). Equivalently, if a1, az € A
with f(a1) = f(az2) then a1 = as.
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Example 9

Define f as in the previous example. Show that f is injective.

Solution Let ny, no € Z and suppose f(n1) = f(n2). lf ny, no € E then ny +2 =
nog + 2 = ny = no.

If ny, no € O then 2n; +1 =2ns + 1 = ny = no.

If ny € E and ny € O, then ny # ny. Now, f(n1) =n1 +2 and f(ng) = 2ng + 1,
so f(n1) = f(n2). Hence f is one-to-one.

= Definition 3.8: Bijective

Let f: A — B be a function. If f is both onto and one-to-one, then f is a
bijection.

Example 10

Let f(x) = a3 for € R. Then By IVT, f(R) = R. Since f'(z) = 32% > 0
for x # 0, f is strictly increasing. Let x7 and xo € R with z; # z5. WLOG
suppose 21 < x2. Then f(x1) < f(x2), which gives f(x1) # f(x2).

= Definition 3.9: Permutation

Let f: A — A be a function. If f is a bijection, then f is called a permu-
tation of A.

Let Sa+{f: A — f| fis a permutation}. Note that i € Sa, so Sq # 0. If
|A] = N then |S4| = N\

3.3 Compositions and Invertible Functions

= Definition 3.10: F/(A, B)

Let A and B be sets. Write F(A, B) as {functions f : A — B}. If A = B,
write F'(A).

— Definition 3.11: Composition

Let A, B, and C be sets. If f € F(A,B) and g € F(B,C). Then the
composition go f € F(A,C) is the function

(go f)(a) = g(f(a)) for a € A.
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Example 11
Let f, g € F(R) be f(z) = 2% and g(z) = 2 + 1. Then

(go f)(x) =g(f(x) =g(a®) =2>+1

and
(fog)(z)=f(g(x)) = f(x +1) =2 + 22 + 1.

Remark.

go f # fogin general. That is, function composition does not commute.

= Theorem 3.2

Let f € F(A,B). Then fois=fandip-f=f.

Proof. Note that foiq: A— Bandigof:A— B. We have

(foia)(a) = f(ia(a)) = f(a) for alla € A
(ipo f)(a) =ip(f(a)) = f(a) foralla € A. O

= Theorem 3.3
Let f € F(A,B) and g € F(B,C).

1. If f and g are onto then g o f is onto.

2. If f and g are one-to-one then g o f is one-to-one.

3. If f and g are bijective then g o f is bijective.

Proof. (1) Recall that go f € F(A,C). We have
(9o f)(A) =g(f(4) =9(B)=C,

so g o f is onto.

(2) Suppose a1, az € A and (go f)(a1) = (go f)(az). Then

9(f(a1)) = g(f(az)) = flar) = f(az)

since g is one-to-one. Then, a; = ao since f is one-to-one. Therefore g o f is
one-to-one.

(3) Follows immediately from (1) and (2). O
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— Corollary

Let f, g € S(A). Then go f € S(A).

~— Lemma

he function composition is associative. Let f € F(A, B), g € F(B,C), and
h e F(C,D). Then ho(go f)=(hog)o f.

Proof. We have

(ho(gof))(a)=h((go f)(a)) =h
((hog)o f)(a) = (hog)(f(a)) = h(g(f(a))). 0

= Definition 3.12: Invertible Functions

Let f € F(A, B). Then f is invertible if there exists g € F(B, A) such that
fog=rtipand gof =i4. If g exists, it is called the inverse of f and denoted

=

Remark.

If g exists, it is unique.

Proof. Suppose g and h are inverses of f. Then

fog=ip,gof=ia
foh=ipg, hof=ix

Then
g=goip
=go(foh)
=(gof)oh
=ig0h
=h. O
Example 12

ia € S(A) is invertible with i ' =i 4.
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Proof. For a € A, we have

(iacia)(a) =1ia(ia(a)) =ial(a),
SO iz‘l =1y4. O
Example 13

Let f € F(R) with f(x) = 22 for € R. Then f is not invertible. If we let
g = flrso € F(R>q). Then g~'(z) = y/z for 2 € Rxo. We can prove that
gog l= iR, (), and the other way around.

= Theorem 3.4

Let f € F(A, B). Then f is invertible if and only if f is a bijection.

Proof. (=) Suppose f~! exists.
(Injective) Let a1, az € A with f(a;) = f(az). Since f~ exists,

FH(f(ar)) = £~ (f(a2))
(fto fllar) = (F" o f)(a2)
ia(ar) =ia(az)
a1 = as.
(Surjective) Let b € B, Define a = f~1(b) € A. Then
fla) = f(FH0) = (fo f7H)(b) = in(b) =b.

(<) Suppose f is a bijection. We must define a function g € F(B, A) such that
fog=ipand go f =1i4. Let b € B. Since f is onto, there is a € A such that
f(a) = b. Since f is injective, a is unique. Define g : B — A by

b — the unique a € A such that f(a) =b

Then
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Binary Operations and Relations

4

4.1 Binary Operations

— Definition 4.1: Binary Operation

A binary operation on a set A is a function f : A x A — A that maps
(a1,a2) — F(ai,as) € A.

Example 1
In Z, Q, and R, 4+ and - are binary operations defined by

+: L X7 —7
(m,n) —m+mn
L X1 =7
(m,n)—m-n
and similarly for Q and R.

Remark.

Division is not a binary operation on Z. For example, 1, 2 € Z but 1/2 ¢ Z.
Division if a binary operation on Q — {0} and R — {0}.

Example 2
Let A be a set. Then
o: F(A) x F(A) —» F(A)
(f,9) = fog

So function composition is a binary operation.

Example 3
In R,
+: F(R) x F(R) = F(R)
(f,9) = f+y
F(R) x F(R) — F(R)
(f,9) = fg
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are binary operations. Here, (f+g¢)(a) = f(a)+g(a), and (f-g)(a) = f(a)-g(a)
for a € R.

From now, we denote a binary operation on A by
x: AXxA—= A

that maps (a1,as) — ay * as.

= Definition 4.2: Associativity

A binary operation * on A is associative if for all a, b, and ¢ € A,

ax(bxc)=(axb)*c

— Definition 4.3: Commutativity

A binary operation * on A is commutative if for all a, and b € A,

axb=>bxa.

Example 4

+ and - are associative and commutative on R, QQ, and Z.
Example 5
Define * : Z X Z — Z by a *b = 2a + b. Then
(2%3) x4 ="Tx4
=18

2% (3x4)=2%10

=14,
S0 * is not associative. Also, since
2x3="7
3%2 =28,

* is not commutative.

We will denote (A, %) as a binary operation * on a set A.
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= Definition 4.4: Identity

Let * be a binary operation on A. Then e € A is an identity for x if
axe=exa=aqa for all a € A.

Example 6
Some examples are (4, x,¢e), (R,+,0), (R,-,1), (F(A),0,i4).

Example 7
Prove that (Z,* : (a,b) — 2a + b) does not have an identity.

Solution Suppose e € Z exists for x. Then
l=ex1=2e+1=e=0.

However,
1x0=2#1,

so 0 cannot be the identity. Therefore, the identity doesn’t exist for (Z, *)>

Example 8
Let A# Q. In (P(A),*: (X,Y)— X NY), the identity is A since

Xxe=XNA=X=ANX =ex X.

= Theorem 4.1: Uniqueness

If e is the identity for *, then e is unique.

Proof. Suppose e and €’ are identities for *. Then
exe =e
exe =¢é,

soe=c¢€. O

Definition 4.5: Invertible

Suppose we have (A, x,e). Then a € A is invertible with respect to * if
there exists b € A such that a xb =bxa = e. If b exists, we say that b is an
inverse of a with respect to *.
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Example 9

In (Z,+,0), the inverse of n is —n.

= Theorem 4.2

Inverses are unique.

If b exists then we denote it by a=!.

Example 10
The only invertible elements in (Z,-,1) are 1.

Example 11
In (F(A),0,i4), only those f € S4 C F'(A) have inverses with respect to o.

Example 12

In (P(A),*: (X,Y) - X NY,e= A), note that A=! = A since AN A = A.
Suppose X C A, X # A. Then XNY # Aforall Y € P(A) since XNY C
X # A. So X is not invertible.

Example 13
_J(x B
e

A.B— <a11 012) (bll b12> _ (anbu + ai2bar  a11bi2 +a12b22)

a, B,v,0 € R}. Then

a1 Q22 ba1r  bag a21b11 + a22b21  a21b12 + azba
A T— <6111 6112) (1 0) _ <(l11 a12)
az1 az ) \0 1 a1 a2

= Definition 4.6: Closure

and

In (A, %), let X C A. Then X is closed with respect to « if for all z, y € X,
rxy € X.

Example 14

. 0 0 . a b
Consider <S,—|—7 (0 O)) with S = {(c d)

is closed under +.

mb,c,déR,a:O}. Then S
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Example 15

Let a, b € R with b # 0. Define ¢, = {(z,az +b) | x € R} C R%. Then £, is
the graph of the line y = az +b. We claim that +|¢qp : lap X lap — R? is not
closed. Since (z1,ax1 +b) + (x2,ax2 + b) = (wl + xo,a(xy + x2) + 2b), if o p
is closed, then 2b = b, which gives b = 0, a contradiction. Therefore ¢, ; is not
closed under addition.

= Definition 4.7: Group
Let G be a nonempty set. If there is a binary operation * on G such that
1. x is associative
2. Je € G with respect to *

1

3. Every g € G has an inverse g7+ with respect to *

then (G, x, e) is called a group.

Example 16
(S(A),o0,i4) is a group since

1. Function composition is associative
2. 14 is the identity

3. Every function has an inverse (since it is a bijection).

= Definition 4.8: Relation

A relation R on a set A is a subset R C A x A. If (a,b) € R, we write aRb.

Example 17

< is a relation on R where R = {(a,b) € R | a < b} C R x R = R?. We have
1R2 but not 2R1.

Example 18

Equality is a relation.
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— Definition 4.9: Reflexive, Symmetric, Transitive, Antisymmetric Relations =
Let R be a relation on a set.

1. R is reflexive if aRa for all a € A.

2. R is symmetric if aRb = bRa for all a, b € A.

3. R is transitive if aRb and bRc = aRc for all a, b, ¢ € A.

4. R is antisymmetric if for all a, b € A, aRb and bRa = a = b.

Example 19
Let N € ZT be fixed. Define R on Z by

R={(a,b)€ZXZ|b=Na}CZxZ

Then (a,a) € R if and only if a = Na, so R is not transitive.

Suppose (a,b) € R. Then b = Na. This does not imply a = Nb, so R is not
transitive.

If b+ Na and ¢ = Nb, ¢ = N2a, so R is not transitive.
If b= Na and a = Nb, then b = N2b, so R is not antisymmetric.

= Definition 4.10: Equivalence Relation

Let R be a relation on a set. Then R is an equivalence relation if R is
reflexive, symmetric, and transitive.

Example 20

Equality is an equivalence relation.

= Definition 4.11: Modulo N

Let N € Z™ Define a relation on Z by
Ry ={(a,b) €ZxZ|a—b= Nk forsomeke€Z} CZXZ

Then aRyb if N | a —b. We write a = b (mod N).

= Theorem 4.3

Ry is an equivalence relation on Z.

Proof. (Reflexive) We have ¢ = ¢ (mod N) & N | a—a < N | 0, so Ry is
reflexive.

35



Foundations of Mathematics Joshua Im (August 20, 2024 - December 2, 2024)

(Symmetric) Suppose a = b (mod N). Then N | a —b < a — b = Nk for some
ke€Z. Sinceb—a= N(—k), b=a (mod N), so Ry is symmetric.

(Transitive) Suppose a =b (mod N) and b = ¢ (mod N). Then a — b = Nk; and
b — ¢ = Nky for some ky, ks € Z. Then

a—c=a—b+b—c=Nki + Nky=N(ki + ko)

so a =c¢ (mod N) and Ry is transitive. O

If R is an equivalence relation on A, we write aRb as a ~ b.

— Definition 4.12: Equivalence Class

Let R be an equivalence relation on A, and let a € A. The equivalnece
class of a is

[a] ={xr € A|x~a}

Elements in [a] are said to be equivalent.

Example 21
If ~ on A is = then [a] = {a}.

Example 22
If ~onZis a~bif |a| = [b|. Here, if a # 0, then [a] = {—a,a}, and if a =0
then [a] = {0}.

Example 23
Fix N € ZT. If ~ is Ry (called congruence modulo N and a € Z, then

[aly ={z€Z|x~a}
={z€Z|z=a (modN)}
—{zeZ|N|z—a}
={x€Z|x—a= Nk for some k € Z}
={zx €Z|x=a+ Nk for some k € Z}

={a+ Nk | k€ Z}.

Example 24
Let N=2. Then [0} ={2k | k€ Z} =E,and [l ={1+2k | k€ Z} =0.

| Claim. Z = [0]5 U [1].
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Let R be an equivalence relation on A. Define

A/R={lalr | a € A} C P(A).

Theorem 4.4
|_A/R is a partition of A.
Proof. If [a]r € A/R. Then [a]gr # 0 since R is an equivalence relation implies
a~asoac€ lalg.

Note that

U x=Uld=r

X€eA/R a€A
We claim this is equal to A.

(C) Let x € U [a]g. Then x € [a]g for some a € A. But [a]g C A, so x € A.
a€A

(D) Let x € A. Then z € [z]g, so z € U [a]r, s0o A C U [a]g-
acA a€A

Now, we must show that the sets in A/R are pairwise disjoint, i.e. if [a]g, [b]r €
A/R with [a]g # [b]R, then [a]g N[b]gr = 0. We prove the contrapositive. Suppose
[alg N [b]r # 0. Let « € [a]g N [b]g. Then z ~ a and = ~ b. Since ~ is symmetric,
a ~ x. Since ~ is transitive, a ~ x and & ~ b implies a ~ b. This gives a € [b]g,
and also b € [a]g since b ~ a by symmetry.

I Claim. [a]g = [b]g.

(C) Let « € [a]g. Then x ~ a. Since a ~ b, then  ~ b. So = € [b]r.
(D) Let « € [b]g. Then x ~ b. Since b ~ a, then z ~ a. So = € [a]g.

Therefore, the sets in A/R are pairwise disjoint, so A/R is a partition of A. [

4.2 Partial and Linear Orderings

Theorem 4.5

Let & be a partition of A. Define a relation R on A by aRb if a, b € X for
some X € Z(C P(A)). Then R is an equivalence relation on A.

Proof. (Reflexive) Let a € A. Since & is a partition of A, then a € X for some
XeZ.

(Symmetric) Let a, b € A suppose aRb. Then a, b € X for some X € & hence b,
a € X, so bRa.

(Transitive) Let a, b, ¢ € A and suppose aRb and bRc. Then a, b € X and b, c €Y
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for some X, Y € £. Since &2 is a partition if X # Y, then X NY = (). However,
since b € X NY, then we must have X =Y. Since a € X and c € Y = X, then a,
ce X, soaRec. ]

= Definition 4.13: Linear Ordering

Let (A, R) be a partially ordered set. Then R is a linear ordering on A if
for all a, b € A, either aRb or bRa. Then A is a linearly ordered set.

Example 25
(R, <) is linearly ordered. (P(A), C) is not linearly ordered unless |A| = 1.
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Integers

5

5.1 Axioms of Z

In (Z,+,) and z, y, z € Z,
L@+ty)+tz=z+(y+2)
2.z+y=y+z

0 is the additive identity

-~ W

=l = —z for +

o

(zy)z = z(y=)
l-x=x

2x(y+2)=zy+az

e » N o

77T is closed in Z with respect to + and -.

10. (Trichotomy Law) For each x € Z, exactly one of the following is true:
r €LY, —x€Z', z=0.

We now have the following propositions.

~— Lemma
l.atb=a+c=b=c

2.a-0=0-a=0

Proof. (1) Suppose a +b = a + ¢. Then
a+ (a+b) =—a+(a+c)
=4, (Fata)+b=(-a+a)+tc
=4, 040 =0+c¢
=4, b =c.

(2) We have 0+ 0 =0 by As. Then

04 a0 =4, a0 =4, a(0+0) =4, a0 + a0.
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so 0 = a0 by (1).
3)
ab+ (—a) +b =4, (a+ (—a))b
=4, 0b
=p, 0,

This shows that (—a)b is an additive inverse of ab. By uniqueness of inverses,
(—a)b = —(ab).

(4) Since a + (—a) =4, 0, a is the additive inverse of —a. By the uniqueness of
inverses, —(—a) = a. O

Example 1

Prove the following propositions:
1. (—a)(—b) = ab
2. a)(b—c) =ab—ac
3. (-l)a=—a

4. (-1)(~1) =1.

Example 2
Prove the following proposition: if x € Z with = # 0 then 22 € Z*.

Proof. Since x # 0, by A10 either x € Z* or —x € Z*. If 2 € Z™T, then by A9,
?=z-z€Z" If —x €Z", then 22 =z -z =p5 (—x)(—z) € Z* by A9. O

Definition 5.1: Inequality
|_Letx,y€Z. Wesay s <yify—xeZt.
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— Lemma
Let a, b, c € Z.
1. Exactly one of the following holds: a < b, b < a,a =10
2.a>0=-a<0,a<0=—-a>0
3.a>0andb>0=a+b>0and ab>0
4. a>0and b<0=ab<0
5. a<0and b<0=ab>0
a<bandb<c=a<c
a<b=>a+c<b+c

a<band c< 0= ac<bc

© »® N >

a<band c>0= ac> bc

Proof. Exercise. O

A11 (Well-ordering principle): Every nonempty subset of Z* has a minimal ele-
ment; if S C ZT with S # 0, then Jx¢ € S such that g < z for all x € S.

Example 3
Prove that there is no integer x € Z with 0 < z < 1.

Proof. Let S ={n € Z | 0 < n < 1}. Note that S C Z*. Suppose S # 0. By
WOP, there exists g € S such that zg < n for all n € S. Since xy € S then
2o < 1, hence 2o — 1 < 0. By Q4, since 29 > 0 and 29 — 1 < 0, 22 — 29 < 0, which
gives 73 < x. Since xg < 1, by Q6, #3 < 1. Also, 22 € Z*. This contradicts
WOP, so S = 0. O

— Corollary

1 is the minimal element of ZT.

— Corollary

Let Z* = {n € Z | n has a multiplicative inverse in Z}. This is called the set
of units of Z. Then Z* = {£1}.

Proof. Clearly {£1} C Z* since 1-1 =1 and (—1) - (—=1) = 1. Suppose a € Z*.
Then there exists x € Z such that axz = 1. Since ax = 1, then A10 gives a € Z*
or —a € ZT. Now, suppose a € Z* and a # 1. Then a > 1 by minimality of
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1€Z" a>1. Also, since ax =1 € Z" then z € ZT (so z > 1). We now get
1 =az > lx = x > 1, which is a contradiction. So a = 1.

A similar argument works if —a € Z7. O

We have considered the group (Z,+,0) until now. But what if the group was
(Zn,+,[0])? We first need to show that the group is well-defined.

Lemma
|_~ :ZNn X Zn — Zyn defined by [a] - [b] := [a - b] is well defined.

Solution Let [a] = [¢/] and [b] = [V/]. Then a = o’ (mod N) and b =¥ (mod N),
so [ab] = [a’V'] since ab = a’b’ (mod N).

Define Zy, = {[a] € Zx | [a] is invertible with respect to -}. For example, let
N = 4. We construct the multiplication table for Zj.

-0 1 2 3
0/0 0 0 0
1o 123
200 2 0 2
3]0 3 2 1

So Z; ={1,3}. For Zs,

For N = 3, every integer has a multiplicative inverse.

Remark.

0 is never in ZY for any N.

For Zs, ZZ = {1,2,3,4}. This can be generalized to primes.

Theorem 5.1

If p is a prime, every nonzero element has a multiplicative inverse in Z,. That
is, Zy ={1,2,...,p—1}.
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5.2 Mathematical Induction

= Theorem 5.2: First Principle of Mathematical Induction
Let P(n) be a statement about n € Z*. Suppose that
1. P(1) is true
2. If k € Z7T such that P(k) is true, then P(k + 1) is true

Then P(n) is true for all n € Z+.

Proof. Let S ={n € Z* | P(n) is false}.
I Claim. S =10.

Suppose S # 0. Since S C Z*, by WOP, S has a minimal element kg € S. Now
by (1), we know that 1 ¢ S, so ko > 1. Hence ko — 1 € Z*. Further, kg — 1 ¢ S
since kg — 1 < ko. Hence P(ko — 1) is true. Then by (2), since P(ko — 1) is true,

P(kp) is also true. This is a contradiction to ko ¢ S, so S = (. O
Example 4
N
. N(N+1)
Show that =—"
ow tha Zz 5

i=1

Solution We use induction. We have

2 1
2 2
k(k+1
so P(1) is true. Now, suppose P(k) is true. Then 1424 ---+k = % We
have
k(k+1
1+2+'~+k+k+1:%+(k+1)
(k1) +2)

2

so P(k + 1) is true. This completes the proof.
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= Theorem 5.3: Second Principle of Mathematical Induction
Let n € Z and P(n) be a statement. Suppose there is ng € Z such that
1. P(ng) is true

2. If k > ng is an integer for which P(k) is true then P(k + 1) is true,

then P(n) is true for all n > ny.

Proof. Exercise. 0

Example 5
If n € Z with n > 3 then n? > 2n + 1.

Solution Let n € ZT and P(n) : n? > 2n + 1. Note that P(3) is true since 9 > 7.

Suppose k € Z with k > 3 such that P(k) is true. Thus k? > 2k + 1. Now, we
show that P(k + 1) is true, namely (k + 1)? > 2(k + 1) + 1. For k > 3, we have

(k+1)2 =k +2k+1
> 4k 42
>2k+3
=2(k+1)+1.

— Theorem 5.4: Second Principle of Mathematical Induction
Let n € ZT and P(n) be a statement. Suppose
1. P(1) is true

2. If k € Z* and P(i) is true for all i € ZT with i < k then P(k +1) is
true.

Then P(n) is true for all n € Z+.

Proof. Exercise. 0

Example 6

Let f:Z%v — ZT with f(1) =1, f(2) =5, and f(n +1) = f(n) +2f(n — 1)
for all n > 2. Let P(n): f(n) = 2" + (—1)" for all n € Z*. Prove that P(n)
is true for all n € Z*.
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Solution Note that P(1) and P(2) is true. Suppose k > 3 is a positive integer such
that P() is true for all ¢ < k. By assumption, P(k — 1) and P(k) are true. Then

flk=1) =2 (=)
fk) =2" + (=1)".
We will show that P(k + 1) is true, namely f(k + 1) = 21 4+ (—1)*+1. We have
fk+1) = f(k)+2f(k—1)
= 2"+ (-DF) +2(2" 1+ (-
=28 4 (—1)F 428 4 2(—1)F !
=28 — ()P 2(—1)F !
= 2" (-

= ok+l | (_q)k+

= Theorem 5.5: First Principle of Mathematical Induction, reformed
Let S C Z*. Suppose

1.1€S

2. IfkeZ" withke Sthenk+1€S

then S =Z7.

= Definition 5.2: Binomial Coefficient

Let n € Z* and r € Z satisfy 0 < r < n. The binomial coefficient is

()= me

n
( > is the number of ways to choose r objects from a collection of n objects.
r

Remark.
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= Theorem 5.6

Let a, b€ Z and n € ZT. Then

s =3 (D)o

Proof. Exercise. 0
Corollary
n n "
> (k) = 2",
k=0
Proof. Let a =b=1. O

This implies if |A| = n then |P(4)| = 2".

5.3 Division Algorithm

= Theorem 5.7: Division Algorithm

Let a, b € Z with b > 0. Then there exists unique integers ¢ and r such that
a=>bg+r with 0 <r <b.

Proof. Let S={n € Z | n=a—bx for some x € Z} and Sy ={n €S | n > 0}.

Claim. S # 0.

Note that a =a—b-0soa € S. If a > 0 then a € Sy. So, suppose a < 0. Since
a—ba €S and a—ba=a(l—>)>0,then a—ba € Sy. Hence Sy # 0.

If 0 € Sy then 0 is the minimal element of Sy. Otherwise, since Sy C Z7T is
nonempty, by the WOP, Sy has a minimal element r. Since r € S we have r = a—bqg
for some g € Z and r > 0.

Claim. r < b.
I

Suppose r > b. Then
0<r—b=(a—bg)—b=a—-0b(g+1)

thus r — b € Sy, which contradicts that r is the minimal element of Sy. So 7 < b.

Now, suppose there exist g1, 1 € Z such that a = bg; +r1 with 0 < r; < b. WLOG
suppose r > ry1. We have bg + r = bqy + r1, or b(q1 — q) = r —r; > 0. Suppose
q1 —q # 0. Then r — r; > b, a contradiction. Therefore, such r is unique. O

46



Foundations of Mathematics Joshua Im (August 20, 2024 - December 2, 2024)

Corollary
|_Let N € Z* and Zy = {[a]y | a € Z}. Then Z,, = {[r]})".

Proof. Clearly {[r]x}2g' C Zx. Suppose [a]x € Zy.

I Claim. There exists r € {0,1,..., N — 1} such that [a]y = [r]n-

Note that [a]y = [r]n if and only if a = r (mod N). By the division algorithm
with b = N € Z™T there exist unique ¢, 7 € Z such that a = Nq + r where
re{0,1,...,N—1}. Butifa = Ng+r,then N | a—r. Hence a =r (mod N). O

Definition 5.3: Divisibility

Let a, b € Z. Then b divides a if there is ¢ € Z such that a = bc. We say a
is divisible by b and write b | a.

We state some propositions.

1. If a | 1, then a = £1.

[\

.Ifa|bandb]|a, then a = +b.

w

.Ifa|band a|cthen a|bx + cy for any z, y € Z.

N

.Ifa|band b|cthena]ec.

Proof. (1) Suppose a | 1. Then 1 = ac for some ¢ € Z. Hence a € Z* = {£1}.

(2) Suppose a | b and b | a. Then b = ak; and a = bky for some kq, ko € Z. Hence
a = ka = (akl)kg = a(klkg), SO klkg =1. So ]€1, kQ € Z* and k = :l:]., kQ = +1.
Thus a = +b.

(3) Since a | b, a | bz for all x € Z, and since a | ¢, then a | cy for all y € Z. Now if
a|aandal| B fora, B € Zthena|a+p. Let @« =bx and § = cy. This completes
the proof. O

= Definition 5.4: Greatest Common Divisor

Let a, b € Z with a and b not both zero. Then d € Z™ is called the greatest
common divisor of ¢ and b if

e d|aandd]|b.

e If c€7Z with ¢ | a and ¢ | b, then ¢ | d.

We denote this d by d = (a,b) = ged(a, b).
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Theorem 5.8

The ged of a and b exists and is unique. Moreover, there exist integers x, y
such that d = ax + by.

Proof. Let S ={n € Z | n = ax + by for some z, y € Z}. Clearly S C Z which
contains a and b. By the same argument, S contains —a and —b. Thus S contains
positive integers, and by WOP, S contains a minimal positive element. Call this
element d.

I Claim. d = gcd(a,b).

First, note that d € S = d = ax + by for some x, y € Z. Applying the division
algorithm to a and d, there exist q, r such that a = dq + r where 0 <r < d. But

r=a—dq
=a— (axz + by)q
= a(l = zq) + b(—yq),
sor € S. If r > 0, then it contradicts the minimality of d, so 7 = 0. Hence a = dgq,

and d | a. Similarly, d | b, and d is a common divisor of a and b.

Now, suppose ¢ | @ and ¢ | b. Then there exist u, v € Z such that a = uc and
b = vc. Hence d = ax + by = c¢(ux + vy), so ¢ | d. This proves d = ged(a, b).

For the uniqueness, suppose d and d’ are the greatest common divisors of a and b.
Then d, d € Z*,d | d', and d’' | d. Hence d = d'. O

Lemma

Let a, b € Z, not both zero. Suppose there exist ¢, r € Z such that a = bg+r.
Then (a,b) = (b, 7).

Let a, b € Z* with a > b. By repeated application of the division algorithm,

a=bq +r1, @, €L, 0<r <b

b=r1q2 + 12, G2, 72 €4, 0<ry<r;

Tn—1=TnGn+1 +Tnt1y Gniy1 €Z, 0<r,y1 =0

By the lemma, (a,b) = (b,r1) = (r1,72) = -+ = (1, 0) = 7.
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Example 7
Let a = 9180 and b = 1122. Find (a, b).

Solution Division algorithm gives

9180 = 1122 - 8 + 204
1122 = 204 - 5 + 102
204 = 102 -2 + 0,

so (9180,1122) = (1122,204) = (204, 102) = (102, 0) = 102.

We now go back the process of the division algorithm. We have
102 = 1122 + 204(—5)
= 1122 + (9180 + 1122(—8))(—5)

— 9180(—5) + 1122 - 41

Theorem 5.9

Let a, b € Z. Then ged(a,b) = 1 if and only if there exist z, y € Z such that
ax +by = 1.

Proof. (=) If d = ged(a,b), then there exist x, y € Z such that d = ax + by. If
d =1, then we are done.

(«<). Suppose there exist z, y € Z with ax + by = 1. Let d = ged(a,b) = 1. We
have d | a and d | b. Then d | ax 4+ by =1, so d = 1 since d > 0. O

Recall that Zy = {a € Zy | a has a multiplicative inverse mod N}.
I Claim. Zy = Un where Uy = {a € Zy | ged(a, N) = 1}.

Proof. (D) Let a € Uy. Then ged(a, N) = 1. By the theorem, there exist z, y € Z
such that az+ Ny = 1. Hence ar = 1—Ny =1 (mod N),soa € Zx and a™! = z.

(C) Let a € Zyx. Then there exists © € Zy such that ax = 1 (mod N). Hence
N | ax — 1, s0 ax — 1 = Nk for some k € Z. Letting y = —k gives ax + Ny = 1,
and ged(a, N) = 1 by the theorem. O

Theorem 5.10
|_(Z]XV, -, 1) is a group.
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Proof. We only need to show closure. Suppose a, b € Zy. We claim that (ab)~! =
b=la~'. We have

(b~ ta N (ab) = b (a ta)b

=b"'1b
=b""b
=1
and (b~'a"1)(ab) = 1, so Z} is closed under -. O
— Corollary
zy ={1,2,...,p—1} =7, — {0}.
Proof. Z, = {a € Z;, | gcd(a,p) = 1} but the set is Z, — {0}. O

= Definition 5.5: Unit Group

Uy is called the unit group of Z mod N.

— Lemma

Let a, b, and b € Z. Suppose a | bc and ged(a,b) = 1. Then a | c.

Proof. Suppose a | be. Then be = ak for some k € Z. Also, there exist z, y € Z
such that ax 4+ by = 1. Then

c=c-1
= c(az + by)
= cax + bey
= cax + aky
= a(czx + ky).

Therefore, a | ¢ = a(ck + ky). O
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5.4 Prime Factorization

= Definition 5.6: Prime and Composite Number

An integer p > 1 is called a prime number if the only divisors of p are 1
and p. If p > 1 is not prime, it is called a composite number.

— Lemma

Let n € ZT with n > 1. Then n is composite if and only if there exist a,
b€ Z withn =abwhere l <a<mnand1l<b<n.

Proof. Exercise. O

Lemma
Let n € Z>5. Then there exists a prime p such that p | n.

Proof. Let T = {n € Z>5 | n has no prime divisors }.
I Claim. 7 = 0.

Assume T # (). Since T' C Z*, by WOP, there exists a minimal element ng € T.
Note that ng is not prime, otherwise ng | ng. So ng is composite. By the lemma
above, there exist a, b € Z such that 1 <a <n and 1 < b < n. Now, since a < ng,
then a ¢ T by minimality of n, and hence p | a for some prime p. Thus p | ng,
which is a contradiction. Therefore, T = (). O

Note that we used the transitivity of the division, so that if @ | b and b | ¢ then
a|c.

Corollary
rprabthenp|aorp|b.

Proof. If p | a then we are done. Suppose p{a. Then a # 0 and thus ged(p,a) = 1.

By the previous theorem, p | ab and ged(p,a) = 1, then p | b. O
Corollary
Let p be a prime and a1, ag, ..., a, € Z. If p | ?_;a; then p | a; for some
ie{l,2,...,n}

51



Foundations of Mathematics Joshua Im (August 20, 2024 - December 2, 2024)

n n n
Proof. Write H a; = ay (H al). By the proposition, p | a1 or p | Hai. Ifp|ai,

i=1 1=2 1=2
n

then we are done. Otherwise, p | Hai. We can repeat this process n — 1 times
i=2
until we find the desired a;. O

Example 8
Prove that v/2 ¢ Q.

Solution Suppose 2 € Q. Then v2 = a/b for a, b € Z, b # 0.

Assume ged(a, b) = 1. (such a/b is called reduced) We have 2 = a?/b?, so a® = 2b°.
Hence 2 | a®. Since 2 is prime, 2 | a, and a = 2c for some ¢ € Z. We now get
a? = 4c® = 2b%, so b> = 2¢?. Hence 2 | b. This contradicts ged(a,b) = 1, so such
a/b does not exist.

™ Theorem 5.11: Fundamental Theorem of Arithmetic

Let n € Z>3. Then n is either prime or can be written as a product of
prime numbers. Moreover, the product is unique up to the order in which
the factors appear. Equivalently, given n € Zx>2, there exist unique primes
p1, P2, -- -, pr and unique integers ai, o, ..., a, € Z such that

r
— (3]
w1
1=1

Proof. (Existence) Let P(n): n = 1, or n is prime, or n is a product of primes.
Then P(1) is true.

Suppose k € Z* and P(i) is true for all 1 <4 < k.

If k =1, then P(k+ 1) = P(2) is true since 2 is prime. Now suppose k > 2. The
induction hypotheses implies that every 4 such that 2 < ¢ < k is either a prime of
a product of primes.

If k41 is prime, then P(k+1) is true. If k+1 is not prime, then k+1 is composite,
so k+ 1 = ab for integers 1 < a < k+1and 1 < b < k+ 1. By the induction
hypothesis, a and b are primes or products of primes. Thus k + 1 is a product of
primes, and P(k + 1) is true.

Therefore, by the second principle of induction, P(n) is true for all n.

(Uniqueness) Suppose n = pipa - -ps and n = qiq2 - - - ¢ where py, pa, ..., ps, q1,
q2, - .., s are primes.
I Claim. s=tandp;,=gq; foralli=1,2 ..., s.

WLOG suppose s < t. Since p1 | n = qiqg2---q¢, p1 | gj for some j € {1,2,...,t}.
Now, rearrange the g;s so that ¢; = ¢;. Continuing this process, after s stems we
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get p; =q; fori=1,2,...,s. If s<tthen 1= ¢gs11¢st2---q This is impossible
sine ¢; > 1 for all . Therefore s =t and p; = ¢; foralli=1,2, ..., s. O

Soifn € ZZQ’ then

T
n=[In"
i=1

where p1, pa2, ..., pr are distinct primes, p1 < p2 < -+ < p,, and my, Mma, ...,
m, €ZT.

Example 9
22540 = 22 .5.7%.23.

= Theorem 5.12: Euclid

There exist infinitely many primes.

Proof. Suppose there are finitely many primes pi, p2, ..., pn. Then if we let
m = pip2 - pn + 1, since m > 1, there is a prime p with p | m. Since p1, pa, ...,
pr are the only primes, the p such that p | m is p; for some i € {1,2,...,n}. Since
p | pip2...pn and p | m, p | 1, which contradicts that p is prime. Therefore there
are infinitely many primes. O
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Selected Topics

6

6.1 More Group Theory

= Definition 6.1: Subgroup

Let (G, *,¢e) be a group. Let H C G be a nonempty subset of G. Then H is
a subgroup of G if Va, b€ H,a*b € H and a~! € H. If H is a subgroup
of G, then we write H < G.

Example 1
Let G = (Z,+,0). If we let N € Z*, then NZ = {Nk | k € Z} C Z, so
NZ < Z.

= Definition 6.2: Left Coset

Let H < G. Define
G/H ={gH | g € G}

where gH = {gh | h € H}. Here gH is called a left coset of H in G.

Right cosets are defined similarly.

Theorem 6.1
|_G/H is a partition of G.

Proof. 1. gH # () since g = ge € gH. (e € H)

2. We need to prove G = U gH. Let g € G. Then g € gH so g € U gH.
geG geCG
Conversely, gH C G for all g € G so U gH C G.
geG
3. We need to show if g1 H # goH then g1 H N goH = (). Suppose g1 H N goH # (.
Let @ € g1H N goH, then x = g1hy = goho for some hy, ho € H. (must show that
g1J C goH and vise versa: exercise) O

A group (G, *, e) is abelian if the binary operation * is commutative.

|— Definition 6.3: Abelian Group
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Theorem 6.2

If G is an abelian group and H < G, then G/H is a group under the binary
operation g1 H *x goH = (g1 * g2)H.

Proof. Exercise. O

Let G = Z and H = NZ < Z where the group operation is addition. Since addition
is commutative, the cosets Z/NZ = {a + NZ | a € Z} forms a group. Note that
a+ NZ = {a+ Nk | k € Z} = [a]n, the equivalence classes modulo N.

6.2 Field Theory

= Definition 6.4: Field

A field is a nonempty set with two binary operations: addition and multi-
plication satisfying the following axioms:

1. Fis an abelian group under +
2. F* is a commutative group under - where F* = F' — {0}.

3.a-(b+c)=a-b+a-c (Left distribution)

Example 2
Z is not a field since Zyniy = {£1} # Z* =7 — {0}.

Example 3
Q and R are fields.

Example 4

Let N € Z*. Then (Zy,+,0) is an abelian group. Also, (Uy,-,1) is an
abelian group where Uy = {set of ¢ € Zx with a multiplicative inverse} =
{a € Zy | ged(a, N) =1}. Finally,a-(b+c¢)=a-b+a-c. SoZy is a field if
and only if Uy =Zy — {0}.

= Theorem 6.3

Zy is a field if and only if N = p is prime.

Proof. (<) Suppoose N = p is prime. Then

Up={a€Z,| ged(a,p) =1} ={1,2,...,p— 1} = Z, — {0}.
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(=) We prove the contrapositive, i.e. if N is composite then Zy is not a field.
Suppose N is composite. Then N = ab for a, b € Z where 1 < a < N and
1 < b < N. In particular,

Also note that [a] # [0] and [b] # [0].

I Claim. [a] ¢ Un.

Suppose a € Uy. Hence there is [z] € Zy such that [z][a] = [1]. Tt follows that
([=][a]) [b] = [1][b] = [b]. Butt [a][b] = [0], so [b] = [z][0] = [0], contradicting
[b] # [0]. Therefore, Zy is not a field if N is composite, and this completes the
proof. O

Remark.
Z,, is called the finite field of order p and denoted F,.

— Definition 6.5: Polynomial

Let F be a field. A polynomial over F in the varible = is an expression of

the form

f(z) = ag + a1z + asx® + - + ayz™

where ag, a1, a2, ..., ay € F, and N € Z>¢.

The a;s are called the coefficients of f(z). If ay # 0 then ay is called the leading
coefficient, and aq is called the constant term of f(x). N is called the degree of
f(z), denoted deg(f(z)). If f(x) = ag # 0, then f(z) is called a nonzero constant
polynomial and has degree 0. If f(x) = 0 then f(z) is called the zero polynomial,
which is not assigned a degree.

Definition 6.6: F'(z)
|_F [x] is the set of all polynomials with coefficients in F.

Let

f(z) =ao + a1z +---+ayz™

g(z) = by + bz + B

If N # M, say N > M, and write

M
g(x) = Z biz' + bz by
i=0
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where b, =0fori=M +1, ..., N. Then

N

flz)+g(x) = Z(ai +b))x' € Flx].

=0
Thus F[z] is closed under addition. For multiplication, we have
f(@) - g(x) = (ao + a1z + -+ ana™)(bo + biz + - - - + by ™)
+M

= apbo + (aob1 + albo)x + (aobg +a1b1 + a2b0)$2 —+ -+ aNbeN .

The coefficient of 2* in fg is
k
cr = agby +a1bg—1 +--- +apby = Zaibk—i
i=0

where a; =0if i > N and b; =01if j > M.

Remark. e f(x) = 0 is the additive identity, and f(z) = 1 is the multi-
plicative identity.
e (Fz],+,0) is an abelian group.

e There exist a nonzero polynomial without a multiplicative inverse, so
F[z] is not a field.

Example 5

Let F = Zs. Let f(z) = 4+ 22 + 323 and g(z) = 1+ 42% + 23. Then
f(2)g(z) = 4+ 22 + 22 + 22 + 22° + 3a5.

= Theorem 6.4

Let F be a field and f(z), g(x) € F[z] with f(x) £ 0, g(z) £ 0, and
f(z)+ g(x) #0. Then

L. deg (f(z) + g(z)) < max{deg (f(z)),deg (g(z))}
2. deg (f(z)g(z)) = deg (f(z)) + deg (9()).

Remark.

The symbol # is used for identically zero, which means the value is zero for

any .
Proof. (1) Let deg (f(z)) = N and deg (g(x)) = M. If N > M, then deg (f(z) +

g(z)) = N. Similarly, if M > N then deg (f(z) + g(z)) = M. If N > M,
then max{deg (f(x)%deg (g(m))} = max{N, M}, N. Similarly, if M > N then
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max{deg (f(z)),deg (f(z))} = M. Finally, suppose N = M. Then, deg (f(z) +
g(z)) = N unless ay = —by, which in this case deg (f(z) + g(z)) < N -1 < N.
This completes the proof.

(2) Exercise. O

= Theorem 6.5

Let F be a field, and f(x), g(z) € F[z] with g(z) # 0. Then there exist ¢(z),
r(z) € Flx] such that
f(@) = g(x)q(x) + r(z)

where 7(z) = 0 or 0 < deg (r(z)) < deg (g(z)).

Proof. Define

S ={h(z) € Flz] | h(z) = f(z) — g(x)q(z) for some ¢(z) € F[z]}.

Then S # () since f(x) € S (this can be attained by taking g(z) = 0). If the zero
polynomial is in S, then 0 = f(z) — g(x)q(x) for some ¢(z) € F[z], which proves
the theorem with r(z) = 0. So, suppose the zero polynomial is not in S. Define

D ={n € Z>¢ | deg (h(z)) = n for some h(z) € S}

If S contains a constant polynomial, then r(x) is constant and has degree 0. In

particular, o = f(x) — g(x)q(z) for some ¢q(z) € Flz], so f(x) = g(x)q(z) + r(z)
with r(z) = o and deg (r(z)) = 0.

Now, if D C Z*, D # 0, and r(z) of smallest degree exists by the WOP. Since
r(z) € S we have r(z) = f(x) — g(x)q ( ) or f(z) = g(z)g(x) + r(z) for some
q(x) € F[z]. We must show that deg (r(z)) < deg( )). Suppose deg (r(z)) >
deg (g(z)). Let m = deg (g(z)) and t = ( (z)). We have

9(x) =bo + b1z 4 - - + bpa™
r(x) =co+crz+ -+ izt

for by, ..., by, o, ..., ¢t € F with by, ¢; # 0. Define r1(z) = r(z)—cib, at~™g(x) €
S.

I Claim. r1(z) € S and deg (r1(z)) < deg (r(x)).
Note that
ctb;nlxt*mg(x) = ¢ib,, 1b0:ct ™+ ¢b,, Yot ti=m o 4ot

Hence deg (r1(z)) < deg(r(z)). This gives a contradiction and completes the
proof. 0
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Corollary
Let f(z) € Fx] and ¢ € F. Then there exists ¢ % z(€ F[z] such that

f(@) = (z = e)q(z) + f(c).

Proof. Apply the division algorithm to get g(x) = z — ¢. Then r(x) has degree 0,

so it must be a constant. Substitute z = ¢ to get r(c) =r = f(c).

|

Corollary

If f(z) € Fz] and f(x) = 0 for some ¢ € F then f(z) = (x —¢)g(x) for some
g(z) € Flz] with deg (g(z)) < deg (f(z)).
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