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Differential Equations

A differential equation is an equation that contains one or more terms

and the derivatives of one variable (i.e., dependent variable) with respect
to the other variable.
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Differential Equations

A differential equation is an equation that contains one or more terms

and the derivatives of one variable (i.e., dependent variable) with respect
to the other variable.

There are two types of differential equations, namely Ordinary Differential
Equations and Partial Differential Equations. Ordinary Differential
Equations are equations containing only the normal derivative, and Partial
Differential Equations are equations containing partial derivatives.
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Examples

An example of an ordinary differential equation is the Bessel’s Equation

X2y// + xy' + (X2 _ v2)y — 0,

and an example of a partial differential equation is the Heat Equation

Py _ou
ox2 Ot

where u is a function of two variables x and t.
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Laplace’s Equation

The Laplace’s Equation is a differential equation of the form

Pu  d%u
ﬁ+87y2—0,0<x<a,0<y<b

with the boundary conditions

u(0,y) = fi(y), u(a,y) = f(y), u(x,0) = gi(x), u(x, b) = ga(x).
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Laplace’s Equation

The Laplace’s Equation is a differential equation of the form

Pu  d%u
ﬁ+87y2—0,0<x<a,0<y<b

with the boundary conditions
U(O,_y) = fl(y)' u(a,y) = fZ(y)' U(X7 0) = gl(X)' U(X7 b) = gZ(X)'

The region R is the rectangular region [0, a] x [0, b] for now, but it can be
any simply connected region.
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Product Solutions to the Laplace's Equation

Partial differential equations, in general, don't have an explicit formula.
However, if we assume that the solution u(x,y) is separable, i.e. there
exists a function X(x) and Y(y) such that

u(x,y) = X(x)Y(y),

then we can find a solution in a rectangular region R.

LS TER NG I R VT T BN St It Numerical Solutions to Laplace’s Equation October 25, 2023 5/28



Product Solutions to the Laplace's Equation

The solution to the Laplace’s equation on a rectangular region R is
u(Xv)/) = ul(X7y) + UZ(Xay)'

where

oo
ui(x,y) = Z <A,, cosh ngy + B sinh n:y> sin ngx and

n=1
ad nm nm nm
w(x,y) = E C,cosh —x + D, sinh —x | sin —y
b b b
n=1
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Product Solutions to the Laplace's Equation

Here, the coefficients A, B,, C,, and D, are

a
An_2/ gl(x)sinn—ﬂxdx
a.Jo =]
1 2 [
B, = W</ 2 (x)sin x dx — A, cosh ””b)
sinh ZXb\ a Jo a a

2 b
C,,:b/o fi(y)sin n%ydy

1 2 (b nmw nmw
Dy=——— (2| f)sinEydy — Cycosh "ra).
smh"ga<b/0 2(y)sin =y dy — Cpcos ba>
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Numerical Methods

Even though it's hard to find an explicit formula, we can try some
numerical methods. Numerical methods are methods of finding values of

u(x1, y1) for points (xi, y1) of the solution function. Here. we use the
five-point approximation method.
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The Five-point Approximation Method
We start with the identity

() = lim %(f(x ) = 2F(x) + F(x — h)).
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The Five-point Approximation Method

We start with the identity

() = lim %(f(x ) = 2F(x) + F(x — h)).

Proof.
1 . flx4h)—f'(x—h)
Ainoﬁ(f(x+h)—2f(x)+f(x—h))—fllino T
1L/f(x+h)—"F'(x) f(x—h)—Ff(x)
- 2< h - h ) = ).

Then, we have

() ~ lim %(f(x )~ 2F(x) + F(x — h))

when h is small enough.
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The Five-point Approximation Method

Generalizing to functions of two variables, we have
0%u

ox?

0%u 1
87)/2 ~ ﬁ(U(X,y—Fh) _2U(X7y)+ U(X,y— h))

1
~ ﬁ(u(x—i- h,y) —2u(x,y) + u(x — hv}’)) and
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The Five-point Approximation Method

Generalizing to functions of two variables, we have

&%u 1
52~ 3 (Ul +hy) = 2u(x,y) + u(x = h,y)) and
0%u i

5 (u(x,y + h) —2u(x,y) + u(x,y — h)).

~
~

>

ay?
Then, the equation becomes

U(X+h,y)+U(X— h,y)+U(X,y—|—h)—|—U(X,y—h) _4U(Xay) =0.
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Mesh Size and Mesh Points

The equation now is
u(x +h,y) +u(x—hy)+u(x,y + h) + u(x,y — h) — du(x,y) = 0.

For a simply-connected region R, consider a rectangular grid consisting of
horizontal lines spaced h units apart and vertical lines spaced h units apart
placed over R. Here, h is called the mesh size, and the points are called
the mesh points.
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Mesh Size and Mesh Points

If we let u(x, y) = ujj where uj; is the intersection with the ith vertical line
and jth horizontal line, then we have

U(X -+ h’y) = Uit+1,, U(X — h,y) =Uj-1, and

u(x,y +h) = ujjy1, u(x,y —h) = ujj_1.
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Mesh Size and Mesh Points

If we let u(x, y) = ujj where uj; is the intersection with the ith vertical line
and jth horizontal line, then we have

u(x+h,y) = ujt1j, u(x — h,y) = uj_1; and
u(x,y +h) = ujji1, u(x,y — h) = u;j1.

The equation becomes

Uit1j + Uij+1 + Uj-1,j + ujj—1 — 4ujj =0,

and therefore we have

uj = Z(Ui—f—l,j + Uijt1 + Uim1j + Uij-1),

which shows that uj; is the average value of u at the four neighboring
points.
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Example

Suppose that we need to solve the Laplace’s equation

P ,
Ox2 ~ Oy?

on a rectangular region [0, 2] x [0, 2] with the boundary conditions
U(an) :O, u(2,y) = _y2+2, 0<y< 2

X 0<x<1
2-x 1<x<?2

u(x,0) =0, u(x,2) = {
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Example - Solution

We let the mesh size h =2/3. Then, we need to solve for ui1, ui2, w21,

ur> where

422 _ (24 (%2 and e —
uin =u 3’3 » U2 = u 3’3 » U1 = u 3'3)" U = u

The boundary conditions give that

tyo = to =0, th3 = tp3 = 3
upr = up2 =0, uz1 = uzx = 9
y 2 2
33
T T
0 P Py 8
T T 9
0 Pu P |4
9
LT
0o 0
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Example - Solution

Then, by the five-point approximation formula

Uip1j + Uijy1 + uj—1j + tij—1 — 4uj =0,
we have
up1 + u1p + upr + uo —4u1; =0

when i =1 and j = 1. With the boundary conditions, the equation
becomes

—4u11 + up1 + up = 0.
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Example - Solution

Using the formula for other mesh points, we get a system of linear
equations

—4un+ unt v =0
8
urn — 4uz + u»=-7
2
u11 —4upp+ uxp = 3
14

+ Ut U2 —4uxn = 3
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Example - Solution

Using the formula for other mesh points, we get a system of linear
equations

—4ui1+ w1t U =0
8
urn — 4uz toun =g
2
u11 —4upp+  upp = 3
14

+ Ut U2 —4uxn = ~3

Solving for these gives

uil = 0.1944, us1 = 0.4167, uip = 0.3611, and Uop = 0.5833.
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Matrix Form

Notice that the equation above can be written as

—4 1 1 0 U1l 0
1 -4 0 1 w | | -8
1 0 —4 1 uio o —%
0 1 1 —4) \ux —u
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Higher Accuracy Example

Suppose that we need to solve the Laplace’s equation

P ,
Ox2 ~ Oy?

on a rectangular region [0, 2] x [0, 2] with the boundary conditions
u(0,y) =0, u(2,y) = —y*+2,0<y <2

X 0<x<l1
2—x 1<x<?2

u(x,0) =0, u(x,2) = {

with higher accuracy.
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Higher Accuracy Example

We let the mesh size h =1/2. Then, we now have 9 variables and 9
equations instead of 4.

y 1 1
2 | 2
S
13 f23 133 3
Tt
12 £22 132
0444411
Py Py Py 3
0 e I I I PR
4
N
0O 0 0
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Higher Accuracy Example
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Higher Accuracy Example
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and we have

uilp = 0.1094, uz1= 0.2277, uzl — 0.3951
u1p = 0.2098, wppo= 0.4063, u3z> = 0.6027
u13 = 0.3237, Uo3= 0.5848, uz3z = 0.6094.
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Accuracy of the Approximation

With mesh size of h = 2/3, we got 4 mesh points and a linear system of
four equations, and with mesh size h = 1/2, we got 9 mesh points and
equations. With smaller mesh size, we will get more mesh points and
therefore the approximation will become more accurate. However, more
mesh points mean that there are more equations to solve. In a rectangular
region [0, a] x [0, b], if we set h = a/m = b/n for some natural numbers m
and n, then there are (m — 1)(n — 1) points, and (m — 1)(n — 1) equations
to solve. To gain high accuracy, it takes a long time to solve the system by
hand, so we use MATLAB.
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Code - Setup

% Setup

a = 2.9; % x-dimension

b = 5.8; % y-dimension

h = 8.05; % mesh size

% Boundary conditions

f1 = @(y) o; % u(e, y) = fi(y)
2 = @(y) y~2; %u(a, y) = f2(y)
gl = @(x) e; % u(x, @) = gi(x)
g2 = @(x) x°3; % u(x, b) = g2(x)

% setup done

Nx = a/h - 1; % Number of grid points in x-direction
Ny = b/h - 1; % Number of grid points in y-direction
siz = Nx*Ny;

% Initialize the grid

x = linspace(@, a, Nx+2);

y = linspace(@, b, Ny+2);

% Initialize the matrix
u = zeros(siz, siz);
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Code - Sparse Matrix

% Matrix
for i = 2:Nx-1
for j = 2:Ny-1
u(i+nx*j-nNx, 1+nNx*j-Nx) = -4;
u(i+Nx*j-Nx, i+Nx*j-Nx-1) = 1;
u(i+Nx*j-Nx, i+Nx*j-Nx+1) = 1;
u(i+Nx*j-Nx, 1+Nx*j) = 1;
u(i+Nx*j-Nx, 1+Nx*j-2%Nx) = 1}
end
end

% all diagonal are -4
for i = 1:siz

u(i,i)=-4;
end

% u(1,1)
u(1,2) = 1;

u(1,1+Nx) = 1;

% u(1,Ny)
u(siz-Nx+1,s5iz-Nx+2)=1;
u(siz-Nx+1,siz-2*Nx+1)=1;

% u(hNx,1)
u(Nx,Nx-1)=1;
u(Nx,2*Nx)=1;

% u(nNx,Ny)
u(siz, siz-1) = 1;
u(siz, siz-Nx) = 1;
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% u(x,1)

for i=2:Nx-1
u(i,i-1)=1;
u(i,i+1)=1;
u(i,i+Nx)=1;
end

% u(x,Ny)

for i=2:Nx-1
u(siz-Nx+i,siz-Nx+i-1)=1;
u(siz-Nx+i,siz-Nx+i+1)=1;
u(siz-Nx+i,siz-2*Nx+i)=1;
end

% u(Ly)

for i=2:Ny-1
u(i*Nx-Nx+1,1*Nx-2*Nx+1)=1;
U(i*NX-NX+1,1*Nx+1)=1;
u(i*Nx-Nx+1,i*Nx-Nx+2)=1;
end

% u(Nx,y)

for i=2:Ny-1
u(i*Nx,1*Nx-Nx)=1;
u(i*Nx, i*Nx+Nx)=1;
u(i*Nx,i*Nx-1)=1;
end
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Classification of Mesh Points

To make the sparse matrix and the constant matrix, mesh points are
classified into points in the center, boundary, and corner.
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Code - Constant and Solution Matrix

% Constant matrix

c(1,1) = -1*f1(h)-gi(h);
c(siz-Nx+1,1) = -1*f1(b-h)-g2(h);
c(Nx,1) = -1*%f2(h)-gi(a-h);
c(siz,1) = -1*f2(b-h)-g2(a-h);
for i=2:Nx-1

c(i,1) = -1*g1(i*h);

end

for i=2:Nx-1

c(siz-Nx+i,1) = -1%g2(i*h);
end

for i=2:Nx-1

c(i*Nx-Nx+1,1) = -1*f1(i*h);
end

for i=2:Nx-1

c(i*Nx,1) = -1*f2(i*h);

end

s = linsolve(u,c);
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Code - Visualization

% Plot the solution
Z = zeros(Ny+2,Nx+2);
for i=1:Ny

for j=1:Nx
Z(i+1,J+1) = s(J*Nx-Nx+1);
end

end

surf(x,y,z)
xlabel('x");
ylabel('y");
zlabel('u');
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Code - Results
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Thanks for listening!
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